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Abstract
We study N = 1, 2, 4 higher spin superalgebras in four dimensions and higher spin
gauge theories based on them. We extend the existing minimal N = 2, 4 theories
and find a minimal N = 1 theory. Utilizing the basic structure of the minimalN = 8
theory, we express the full field equations for the N = 1, 2, 4 theories in a universal
form without introducing Kleinian operators. We also use a non-minimal N = 4
higher spin algebra tensored with U(3) to describe a higher spin extension of N = 4
supergravity coupled to the massless vector multiplets arising in the KK spectrum
of 11D supergravity on the N = 3 supersymmetric AdS4 × N010 background. The
higher spin theory also contains a triplet of vector multiplets which may play a role
in the super-Higgs effect in which N = 4 is broken down to N = 3.
1 Introduction
Massless higher spin gauge theories are generalizations of ordinary gravity that have
anti-de Sitter spacetime as vacuum and contain an infinite set of massless parti-
cles of ever-increasing spin. These theories are best understood in 4D, where their
“classical” interactions have been constructed by gauging of higher spin algebras
[1, 2, 3, 4]. These symmetry algebras, which are infinite dimensional extensions of
the AdS group, admit AdS singletons as fundamental representations from which
massless as well as massive representations can be obtained by taking tensor prod-
ucts. The 4D higher spin algebras also arise as symmetries of 3d theories of free
OSp(N|4) singletons. Recent developments [5, 6, 7, 8, 9] suggest that the 4D gauge
theory with N = 8 supersymmetries is a truncation of an unbroken phase of M the-
ory on AdS4 × S7 that has a 3d holographic dual given by a free SU(N)c-invariant
singleton theory.
Given that M theory admits AdS4 compactifications with N < 8 supersymmetries,
it is natural to study the higher spin gauge theory/free singleton correspondence
in these cases as well. As in the case of supergravity, the lifting of higher spin
gauge theory with N < 8 to M theory requires couplings of the minimal higher spin
gauge multiplet to extra ‘matter’ multiplets in the form of an infinite-dimensional
representation of the minimal higher spin algebra. Since the higher spin dynamics is
a highly constrained system it is worth while to examine the nature of such couplings.
In particular, it would be interesting to study the consequences of massless higher
spins in the context of N = 1 supergravity based phenomenology.
In this paper we describe the minimal higher spin extensions of OSp(N|4) for N =
0, 1, 2, 4, 8. The minimal N = 0, 4, 8 theories have appeared previously in [1, 2, 3, 10,
11, 12], and the minimal N = 1, 2 algebras in [13, 1]. Consistent interactions with
N = 1, 2 symmetry have been given previously, though based on slightly modified
algebras with additional generators corresponding to extra auxiliary fields [14]. We
shall elaborate on technical aspects of this point in the conclusion of Section 3, and
the introduction and conclusion of Section 6. In this paper we also construct non-
minimal N = 2, 4 theories and exhibit various relationships between N ≤ 8 theories
by means of consistent truncations starting from the minimal N = 8 theory. As
for N = 3 models, we shall comment briefly on them below. A summary of the
N = 0, 1, 2, 4, 8 higher spin algebras discussed in this paper is given in Table 7 where
different notation used for them in the literature is also exhibited.
The higher spin algebras considered in this paper contain supercharges which are
realized using fermionic Clifford elements transforming as vectors of the R-symmetry
group SO(N )R, and in some cases, most notably N = 1 and N = 2, an additional
set of fermionic Clifford elements. These elements are the real and imaginary parts
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of the fermionic creation and annihilation operators used to build the underlying
OSp(N|4) singleton Fock spaces, as summarized in Table 7. Besides being a natural
construction of the higher spin superalgebras, this formulation enables a universal
treatment of the full field equations as well as the algebraic conditions on the higher
spin master fields. The distinction between the various theories lies in a certain
chirality operator Γ, which is the product of all fermionic Clifford elements.
It is worth pointing out that none of the oscillator realizations of the higher spin
algebras discussed in this paper employ Kleinian operators [15, 16], which are square-
roots of the unit operator that anti-commute with the basic bosonic oscillator. In
the case of N = 1, 2 the addition of Kleinian operators imply enlarged algebras
that contain extra generators [15, 16] that correspond to extra auxiliary fields upon
gauging [14]. These do not affect the spectrum, but mediate additional interactions.
The formulations without Kleinian operators considered here in the case of N = 1, 2
are therefore more restrictive, and as a result they admit less general interaction
ambiguities, as we shall discuss in more detail in Section 6.
The consistency of higher spin gauge theories implies that the spectrum of massless
physical fields form unitary representations of the higher spin algebras. We are
interested in higher spin gauge theories whose massless spectra arise in the product
of two singletons which in turn form a fundamental UIR of the higher spin algebra.
This fits naturally into the framework of holography, whereby the massless bulk fields
couple to bilinear operators formed out of free singleton fields in 3d. In this paper
we determine the exact form of the singleton products in all cases, as summarized
in Table 7.
The N = 3 case is not listed because the OSp(3|4) singleton is also a UIR of
OSp(4|4). Thus the spectra of massless fields obtained from tensoring two singletons
in two cases are the same. However, coupling the N = 4 theory to a suitable Higgs
sector, one may find a vacuum in which the higher spin symmetries break down to
the symmetries of a matter coupled N = 3 supergravity.
In the case of matter coupling to higher spin gauge theories for N ≤ 4, it is natural
to introduce flavor symmetry through Vasiliev’s matrix valued higher spin algebras
[14, 1]. The precise form of the matter coupling required for uplifting to M theory
on AdS4×X7 requires a knowledge of the kinematics of the corresponding 3d SCFT,
which is determined to a large extent from the geometry of the conifold over X7
[17, 18, 19, 20]. In this paper we discuss the matter couplings in the N = 4 higher
spin theory relevant for M theory on AdS4×N
010, which is the only known smooth
X7 with N = 3 [21]. Interestingly enough, we find a triplet of N = 4 vector
multiplets which may play a role in the super-Higgs effect in which N = 4 is broken
down toN = 3 [22]. We also identify the Betti vector multiplet and the SU(3) Yang-
Mills multiplet which arise in the massless KK spectrum of the 11D supergravity on
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AdS4 ×N
010 [23].
The paper is organized as follows: In Section 2 we review the minimal bosonic
theory. The N = 1, 2, 4 higher spin algebras and their massless spectra are described
in Sections 3,4,5, respectively. Full field equations and consistent truncations are
discussed in Sections 6 and 7, respectively. In Section 8 we discuss a matter coupled
N = 4 higher spin gauge which may describe the massless sector of an unbroken
phase of M theory on AdS4 ×N010.
2 The Minimal Bosonic Theory
In order to explain the main ideas [3] and to set our notation [12] we first review
the minimal bosonic theory based on the higher spin algebra1
hs(4) ⊃ SO(3, 2) . (2.1)
Physical UIRs of SO(3, 2) are lowest weight representations denoted by D(E0, s)
where E0 and s are the energy and the spin, respectively, carried by the lowest
weight states. The energy and the spin are defined by the generators of the maximal
compact subalgebra SO(3) × SO(2)E ⊂ SO(3, 2). Unitarity requires either E0 ≥
s + 1, s = 0, 1/2, 1, 3/2, . . . or E0 = s + 1/2, s = 0, 1/2. The representations
saturating the bounds of the continuous series, i.e. E0 = s+ 1, and the special case
(E0, s) = (2, 0) are the massless representations. For s ≥ 1 these describe tensors in
AdS4 obeying gauge invariant field equations. The special UIRs D(
1
2
, 0) and D(1, 1
2
)
are known as singletons and describe conformal scalars and fermions, respectively,
in d = 3. Importantly, as we shall see below, the singletons are UIRs also of the
higher spin algebra hs(4).
The spectrum of massless physical fields of the hs(4) higher spin gauge theory is
given by
Spectrum [hs(4)] =
(
D(1
2
, 0)⊗D(1
2
, 0)
)
S
= D(1, 0) +D(3, 2) +D(5, 4) +D(7, 6) + · · · . (2.2)
Thus the minimal spectrum consists of real massless fields with spin s = 0, 2, 4, . . .,
each occurring once. The minimal theory is the consistent truncation of the non-
1This algebra is isomorphic to the algebra hs2(1) discussed in [13].
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minimal bosonic theory described in [25]2 whose spectrum include also the real
massless fields with spin s = 1, 3, 5, . . . that are contained in the anti-symmetric
product
(
D(1
2
, 0)⊗D(1
2
, 0)
)
A
= D(2, 1) +D(4, 3) +D(6, 5) +D(8, 7) + · · · . (2.3)
The fact that the tensor product of 3d singletons gives rise to a massless spectrum in
AdS4 was first observed by Flato and Fronsdal [24]. The occurence of infinitely many
lowest weight states in the tensor product stems from the fact that the singletons
are infinite dimensional representations and that the space of states in the tensor
product with fixed energy, which is a finite-dimensional space, containts precisely
one massless lowest weight state. To give these states one can make use of the
Jordan decomposition SO(3, 2) = L− ⊕ L0 ⊕ L+, where L0 = SO(3) × SO(2)E
is spanned by generators LIJ where I, J = 1, 2, and L
+ and L− are spanned by
generators LIJ and LIJ , respectively. The scalar singleton weight space is given
by D(1
2
, 0) = {L(I1J1 · · ·LInJn)|1
2
, 0〉}∞n=0, and the massless lowest weight state with
energy E0 = s+ 1 in D(
1
2
, 0)⊗D(1
2
, 0) is given by
|s+ 1, s〉 =
s∑
k=0
(−1)k
(
s
k
)
L
(I1J1
(1) · · ·L
IkJk
(1) L
Ik+1Jk+1
(2) · · ·L
IsJs)
(2) |
1
2
, 0〉(1) ⊗ |
1
2
, 0〉(2) , (2.4)
where |1
2
, 0〉(α) (α = 1, 2) denote the ground states of the two copies of the singleton
making up the tensor product, and LIJ(α) denote the energy-raising operators acting
in these two spaces.
The minimal bosonic algebra hs(4) can be realized using a set of Grassmann even
spinor oscillators yα and y¯α˙ = (yα)
† obeying the oscillator algebra
yα ⋆ yβ = yαyβ + iǫαβ , y¯α˙ ⋆ y¯β˙ = y¯α˙y¯β˙ + iǫα˙β˙ , (2.5)
where the yα ⋆ yβ denotes the operator product and yαyβ = yβyα denotes the Weyl
ordered product. The operator product product gives rise to an associative algebra
2The non-minimal theory described in [25] is obtained by relaxing the τ conditions given in (2.7)
and (2.8) to τ2(A) = A and τ2(Φ) = Φ. An alternative formulation based on linear τ conditions
is given at the end of Section 7; see (7.27), (7.28), (7.29) and (7.30). The resulting higher spin
algebra has maximal finite-dimensional subalgebra SO(3, 2)× U(1)f , where f denotes flavor, and
the spectrum of the theory is neutral under U(1)f . We therefore denote the higher spin algebra
by hs0(4; 1), where (4; 1) refers to Sp(4)×U(1)f and the subscript denotes that all U(1)f charges
vanish.
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(A, ⋆) of arbitrary Weyl ordered polynomials in the oscillators. The algebra (A, ⋆)
has an anti-involution τ and involutions π and π¯ with the following action on a Weyl
ordered function f ∈ A:
τ(f(y, y¯)) = f(iy, iy¯) , π(f(y, y¯)) = f(−y, y¯) , π¯(f(y, y¯)) = f(y,−y¯) .(2.6)
Note that τ(f ⋆ g) = τ(g) ⋆ τ(f) and π(f ⋆ g) = π(f) ⋆ π(g). The hs(4) gauge
theory is constructed by introducing a one-form gauge field A = dxµAµ(x; y, y¯) and
a zero-form Φ(x; y, y¯) satisfying the conditions:
τ(A) = −A , A† = − A , (2.7)
τ(Φ) = π¯(Φ) , Φ† = π(Φ) . (2.8)
The conditions on A and Φ define the adjoint and quasi-adjoint (also known as the
twisted adjoint [4]) representations of hs(4), respectively. Thus hs(4) consists of
arbitrary Weyl ordered polynomials P (y, y¯) obeying the conditions in (2.7). The
Lie bracket is given by [P1, P2] = P1 ⋆ P2 − P2 ⋆ P1, which closes by virtue of (2.6)
and the fact that the hermitian conjugation acts as an (anti-linear) anti-involution.
The quasi-adjoint representation of hs(4) is given by P (Φ) = P ⋆ Φ− Φ ⋆ π¯(P ).
The conditions on Φ and A are engineered such that the component fields obtained
by expansion in y and y¯ are of the correct form for writing linearized field equations
giving rise to the spectrum (2.2) upon gauging. To see this we begin by writing the
general solution to (2.7) and (2.8) as follows:
Aµ =
1
2i
∞∑
ℓ=0
A(ℓ)µ , Φ =
∞∑
ℓ=−1
Φ(ℓ) , (2.9)
where the ℓth level is given by
A(ℓ)µ =
∑
m+n=2ℓ+2
A(ℓ)µ (m,n) , Φ
(ℓ) =
∑
|m−n|=2ℓ+2
Φ(ℓ)(m,n) . (2.10)
We use the short-hand notation
f(m,n) =
1
m!n!
yα1 · · · yαm y¯α˙1 · · · y¯α˙nfα1...αmα˙1...α˙n(x) . (2.11)
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The gauge field A(0)µ contains the vierbein and the Lorentz connection, which gauge
the SO(3, 2) generators P αα˙ = yαy¯α˙ and Mαβ = yαyβ. Thus hs(4) ⊃ SO(3, 2),
which is the maximal finite-dimensional subalgebra. By splitting yα into creation
operators aI (I = 1, 2) and annihilation operators a
I = (aI)
†, for example by writing
y1 = a1 + i(a2)
† , y2 = −a2 + i(a1)
† , (2.12)
the algebra A can be represented unitarily in a Fock space. The space of states
built from an even number of oscillators is isomorphic to D(1
2
, 0) and that built
from an odd number of oscillators is isomorphic to D(1, 1
2
). Since hs(4) consists of
even polynomials in oscillators it follows that the SO(3, 2) singletons, and hence the
tensor products in (2.2) and (2.3), are UIRs of hs(4).
The full field equations for the non-minimal bosonic theory based on hs0(4; 1) were
given in [25] and their minimal truncation based on hs(4) was analyzed in more
detail in [12]. The linearized field equations are obtained by expanding around an
AdS background by setting A = Ω+W , where dΩ+Ω ⋆Ω = 0, and treating W and
Φ as small fluctuations. The resulting linearized equations are
dW (ℓ) + Ω ⋆ W (ℓ) +W (ℓ) ⋆ Ω = eαα˙ ∧ eβα˙
∂2Φ(ℓ)(y, 0)
∂yα∂yβ
− h.c. , ℓ ≥ 0 ,(2.13)
dΦ(ℓ) + Ω ⋆ Φ(ℓ) − Φ(ℓ) ⋆ π¯(Ω) = 0 , ℓ ≥ −1 . (2.14)
It follows from these equations that all component fields can be expressed in terms of
a physical scalar residing at level ℓ = −1 in Φ and physical spin s = 2, 4, . . . fields at
levels ℓ = (s−2)/2 in Aµ. From (2.13) it follows that Φ(ℓ)(2ℓ+2, 0), ℓ ≥ 0 is the spin
s = 2ℓ+ 2 Weyl tensor, which is given as s derivatives of the physical spin s gauge
field. Moreover, from (2.14) it follows that Φ(ℓ)(2ℓ + 2 + k, k), ℓ ≥ −1, k > 0 are
k derivatives of the leading component Φ(ℓ)(2ℓ+ 2, 0). Thus the complete spectrum
of massless physical fields can be deduced from the expansion of the master scalar
field Φ alone.
3 The Minimal N = 1 Theory
In this section we construct a minimal N = 1 higher spin gauge theory based on the
higher spin algebra3 hs(1|4) whose maximal finite-dimensional subalgebra is given
by
3This algebra is isomorphic to shsf (1|0) given in [13].
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OSp(1|4) ⊂ hs(1|4) . (3.1)
The spectrum of the hs(1|4) theory can be obtained by considering the tensor prod-
uct of two OSp(1|4) singletons
Ξ = D(1
2
, 0) +D(1, 1
2
) . (3.2)
The tensor products of D(1
2
, 0) and D(1, 1
2
) are given by
D(1
2
, 0)⊗D(1
2
, 0) = [D(1, 0) +D(3, 2) +D(5, 4) + · · ·]S
+ [D(2, 1) +D(4, 3) +D(6, 5) + · · ·]A (3.3)
D(1, 1
2
)⊗D(1, 1
2
) = [D(2, 1) +D(4, 3) +D(6, 5) + · · ·]S
+ [D(2, 0) +D(3, 2) +D(5, 4) + · · ·]A (3.4)
D(1
2
, 0)⊗D(1, 1
2
) = D(3
2
, 1
2
) +D(5
2
, 3
2
) +D(7
2
, 5
2
) + · · · . (3.5)
The spectrum of the hs(1|4) theory is defined by the symmetric tensor product
Spectrum [hs(1|4)] = (Ξ⊗ Ξ)S , (3.6)
which is tabulated in Table 1. In addition to the supergravity multiplet, the spin
s ≤ 2 sector of the spectrum contains a scalar multiplet at level (−1, 1/2). In the full
spectrum each even spin occurs twice, odd spins do not occur and each half-integer
spin occurs once.
The minimal N = 1 theory is obtained by starting from the bosonic theory described
in the previous section and adding two fermionic oscillators ξ and η obeying:
ξ ⋆ ξ = 1 , ξ ⋆ η = ξη = −ηξ , η ⋆ η = 1 . (3.7)
Involutions π and π¯ and a graded anti-involution τ are defined by
τ(f(y, y¯, ξ, η)) = f(iy, iy¯, iξ,−iη) , (3.8)
π(f(y, y¯, ξ, η)) = f(−y, y¯, ξ, η) , (3.9)
π¯(f(y, y¯, ξ, η)) = f(y,−y¯, ξ, η) , (3.10)
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where τ acts as
τ(f ⋆ g) = (−1)ǫ(f)ǫ(g)τ(g) ⋆ τ(f) , (3.11)
and ǫ(f) denotes the Grassmann parity of f which is 0 for bosons and 1 for fermions.
The hs(1|4)-valued gauge field A and the corresponding quasi-adjoint master field
Φ are defined by
τ(A) = −A , A† = − A , (3.12)
τ(Φ) = π¯(Φ) , Φ† = π(Φ) ⋆ Γ , (3.13)
where
Γ ≡ iξη , (3.14)
τ(Γ) = Γ† = Γ , Γ ⋆ Γ = 1 , (3.15)
and by Grassmann parities
ǫ(A) = ǫ(Φ) = 0 , (3.16)
which ensures the correct spin-statistics relation for the component fields. The
N = 1 master fields can be expanded as:
Aµ =
∞∑
ℓ=0
(
A(ℓ,0)µ + A
(ℓ,1/2)
µ
)
, (3.17)
Φ = Φ(−1,1/2) +
∞∑
ℓ=0
(
Φ(ℓ,0) + Φ(ℓ,1/2)
)
, (3.18)
where A(ℓ,j)µ and Φ
(ℓ,j) are given by (j = 0, 1/2)
A(ℓ,j)µ =
∑
m+n+p=4ℓ+2+2j
A(ℓ,j)µ,p (m,n)ξ
pη2j , (3.19)
Φ(ℓ,j) = C(ℓ,j) + π
(
C(ℓ,j)†
)
⋆ Γ , (3.20)
C(ℓ,j) =
∑
n−m−p=4ℓ+2j+3
Φ(ℓ,j)p (m,n)ξ
pη1−2j . (3.21)
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In particular, the scalar multiplet arises at level (−1, 1/2) as
C(−1,1/2) = φ+ y¯α˙ξλα˙ + · · · , (3.22)
where the omitted terms are derivatives of the physical fields.
The gauge field A(0)µ gauges the OSp(1|4) generators P
αα˙, Mαβ and Qα = yαξ. The
unitary Fock space realization of hs(1|4) is obtained from (2.12) and the fermionic
creation operator
ψ† = ξ + iη . (3.23)
The singleton Ξ is isomorphic to the space of states built from a total even number
of oscillators. Since hs(1|4) consists of even polynomials in oscillators, it follows
that Ξ and hence the massless spectrum (3.6) are UIRs of hs(1|4).
In Section 6 we describe the full field equations for the N = 1 theory. The linearized
form of these equations is given by (j = 0, 1/2):
dW (ℓ,j) + Ω ⋆ W (ℓ,j) +W (ℓ,j) ⋆ Ω = eαα˙ ∧ eβα˙
∂2Φ(ℓ,j)(y, 0, ξ, η)
∂yα∂yβ
⋆ Γ
−eα˙α ∧ eβ˙α
∂2Φ(ℓ,j)(0, y¯, ξ, η)
∂y¯α˙∂y¯β˙
, ℓ ≥ 0 ,
dΦ(ℓ,j) + Ω ⋆ Φ(ℓ,j) − Φ(ℓ,j) ⋆ π¯(Ω) = 0 , ℓ ≥ −1 . (3.24)
The physical fields arising at level (ℓ, j) precisely correspond to those given in Table
1.
We conclude by noting that an important ingredient of theN = 1 theory constructed
above is the η oscillator which is required for the existence of a Γ operator obeying
(3.15), which in turn is crucial for the existence of non-trivial dynamics (see Section
6).
Instead of introducing the η oscillator, it is also possible to construct consistent
interactions with N = 1 by making use of Kleinian operators [14, 2, 3]. This
results, however, in an enlargement of the algebra corresponding to extra auxiliary
fields in the gauge theory (which do not affect the spectrum). It may be possible
to consistently truncate the enlarged N = 1 theory down to the hs(1|4) theory
considered here, as will be discussed in Section 6.
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(ℓ, j)\s 0 1
2
1 3
2
2 5
2
3 7
2
4 9
2
5 · · ·
(−1, 1/2) 1+1¯ 1
(0, 0) 1 1
(0, 1/2) 1 1
(1, 0) 1 1
(1, 1/2) 1 1
...
Table 1: The spectrum of massless physical fields of the minimal N = 1 theory arranged
into levels of N = 1 multiplets labelled by (ℓ, j) with smax = 2ℓ+ 2 + j.
4 N = 2 Theories
In this section we first describe a slight reformulation, without Kleinian operators
and with a truncation of certain auxiliary fields, of the minimal N = 2 theory
originally constructed in [3, 4]. We then give a non-minimal N = 2 theory, again
without Kleinian operators, containing fields carrying an extra U(1)f charge. In
both cases the linearized field equations take the same form as in linearized N = 1
equations (3.24) with the proper definition of the Γ-operator. The full field equations
and consistent truncations are discussed in Sections 6 and 7. In both cases the
physical field contents of the master fields are in one-to-one correspondence with
the corresponding spectra; see Tables 2 and 3.
4.1 The Minimal N = 2 Theory
The minimal N = 2 higher spin gauge theory in 4D is based on the higher spin al-
gebra which we denote by4 hs0(2|4; 1) whose maximal finite-dimensional subalgebra
is given by [1, 4]
OSp(2|4)× U(1)f ⊂ hs0(2|4; 1) . (4.1)
The R-symmetry group is U(1)R ⊂ OSp(2|4). The OSp(2|4) singleton is given by
Ξ = Ξ1 + Ξ−1 , (4.2)
4In [1] this algebra is denoted by shsE(2, 4) ≃ hu(1; 1|4).
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where
Ξ1 = D(
1
2
, 0; 1, 1) +D(1, 1
2
;−1, 1) (4.3)
and we use the notation D(E, s; r, q) in which r and q denote the U(1)R and U(1)f
charges, respectively. The spectrum of the hs0(2|4; 1) theory is given by the U(1)f
neutral sector of the symmetric product of two OSp(2|4) singletons
Spectrum [hs0(2|4; 1)] =
(
Ξ1 ⊗ Ξ−1
)
S
, (4.4)
which is tabulated in Table 2. In addition to the supergravity multiplet, the spin
s ≤ 2 sector of the spectrum contains a vector multiplet (but no hypermultiplet).
The minimal N = 2 theory is obtained by starting from the bosonic theory described
in Section 2 and adding two sets of real fermionic oscillators ξr and ηi (r, i = 1, 2)
obeying
ξr ⋆ ξs = ξrξs + δrs , ξr ⋆ ηi = ξrηi , ηi ⋆ ηj = ηiηj + δij . (4.5)
The indices r and i label U(1)R and U(1)f doublets, respectively. The maps τ , π
and π¯ are defined as in (3.8), (3.9) and (3.10), and the master fields A and Φ as in
(3.12), (3.13) and (3.16) where now
Γ = ΓξΓη , Γξ = iξ
1ξ2 , Γη = iη
1η2 , (4.6)
together with the U(1)f invariance conditions
[Γη, A]⋆ = 0 = [Γη,Φ]⋆ . (4.7)
The resulting hs0(2|4; 1) master fields can be expanded as:
Aµ = A
(−1,1)
µ +
∞∑
ℓ=0
(
A(ℓ,0)µ + A
(ℓ,1)
µ
)
, (4.8)
Φ = Φ(−1,1) +
∞∑
ℓ=0
(
Φ(ℓ,0) + Φ(ℓ,1)
)
, (4.9)
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where A(ℓ,j)µ and Φ
(ℓ,j) are given by (j = 0, 1)
A(ℓ,j)µ =
∑
m+n+p=4ℓ+2+2j
A(ℓ,j)µ,r1...rp(m,n)ξ
r1 · · · ξrp(Γη)
j , (4.10)
Φ(ℓ,j) = C(ℓ,j) + π
(
C(ℓ,j)†
)
⋆ Γ , (4.11)
C(ℓ,j) =
∑
n−m−p=4ℓ+2j+2
Φ(ℓ,j)r1...rp(m,n)ξ
r1 · · · ξrp(Γη)
1−j . (4.12)
In particular, the vector multiplet arises at level (−1, 1) as
C(−1,1) = φ+ y¯α˙ξrλα˙ r + y¯
α˙y¯β˙ΓξFα˙β˙ + · · · , (4.13)
where the omitted terms are derivatives of the physical fields.
The gauge field A(0)µ gauges the OSp(2|4) generators P
αα˙, Mαβ , Qrα = yαξ
r and Γξ.
The U(1)f generator Γη is gauged by A
(−1,1)
µ . The U(1)R gauge coupling is given
by the ratio between the Planck length and the AdS radius, which are the only
constants in the theory.
The unitary Fock space realization of hs0(2|4; 1) is obtained from (2.12) and the
fermionic creation operators
ψ1 † = ξ1 + iη1 , ψ2 † = ξ2 + iη2. (4.14)
The singleton Ξ is isomorphic to the space of states built from an even number of
oscillators. Since hs0(2|4; 1) consists of even polynomials in oscillators, it follows
that Ξ and hence (Ξ ⊗ Ξ)S are unitary representations of hs0(2|4; 1). Due to the
U(1)f invariance condition (4.7) on the hs0(2|4; 1) generators, the spectrum (3.6)
given in Table 2 forms a UIR of hs0(2|4; 1).
4.2 A Non-minimal N = 2 Theory with U(1)f Flavor
There exists a natural generalization of the minimal N = 2 theory described above
in which the U(1)f invariance condition (4.7) is dropped. The resulting higher spin
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(ℓ, j)\s 0 1
2
1 3
2
2 5
2
3 7
2
4 9
2
5 · · ·
(−1, 1) 1+1¯ 2 1
(0, 0) 1 2 1
(0, 1) 1 2 1
(1, 0) 1 2 1
(1, 1) 1 2 1
...
Table 2: The spectrum of massless physical fields of the minimal N = 2 theory based
on hs0(2|4; 1) arranged into levels of N = 2 supermultiplets labelled by (ℓ, j) and with
smax = 2ℓ+ 2 + j.
algebra, which we denote by 5 hs(2|4; 1), has the same maximal finite-dimensional
subalgebra,
OSp(2|4)× U(1)f ⊂ hs(2|4; 1) , (4.15)
and singleton representation Ξ given in (4.2), as does hs0(2|4; 1). The non-minimal
spectrum is given by
Spectrum [hs(2|4; 1)] = (Ξ⊗ Ξ)S , (4.16)
which is listed in Table 3. The hs(2|4; 1) master fields have the expansions:
Aµ = A
(−1,1)
µ +
∞∑
ℓ=0
(
A(ℓ,0)µ + A
(ℓ,1/2)
µ + A
(ℓ,1)
µ
)
, (4.17)
Φ = Φ(−1,1/2) + Φ(−1,1) +
∞∑
ℓ=0
(
Φ(ℓ,0) + Φ(ℓ,1/2) + Φ(ℓ,1)
)
, (4.18)
where A(ℓ,j)µ and Φ
(ℓ,j) are given by (4.10), (4.11) and (4.12) for j = 0, 1 and by the
following expansion for j = 1/2
5An extension of this algebra that includes an infinite set of auxiliary fields has been constructed
in [26], where it is called shsa(1), and its subalgebras and linearized field equations are studied. A
superspace action formulation of the free theory based on shsa(1) has been provided in [27].
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A(ℓ,1/2)µ =
∑
m+n+p=4ℓ+3
A
(ℓ,1/2)
µ r1...rp i(m,n)ξ
r1 · · · ξrpηi , (4.19)
Φ(ℓ,1/2) = C(ℓ,1/2) + π
(
C(ℓ,1/2)†
)
⋆ Γ , (4.20)
C(ℓ,1/2) =
∑
n−m−p=4ℓ+3
Φ
(ℓ,1/2)
r1...rp i(m,n)ξ
r1 · · · ξrpηi , (4.21)
where the scalar field at level (−1, 1/2) obey the following reality condition
(
Φ
(−1,1/2)
r,i (m,m)
)†
= (−1)m+1ǫrsǫijΦ
(−1,1/2)
s,j (m,m) . (4.22)
The fields at level (−1, 1/2) form a hypermultiplet with the following expansion
C(−1,1/2) = ξrηiφr i + y¯
α˙ηiλα˙ i + · · · , (4.23)
where (4.22) implies the reality conditions φr i = ǫrsǫij(φs j)
†.
In summary, in addition to the fields of the minimal theory, the non-minimal theory
contains an extra set of U(1)f charged fields labelled by (ℓ, 1/2) which at the lowest
level contains a hypermultiplet. Thus we can view the non-minimal theory as cou-
pling of the minimal theory to a representation of the minimal algebra carried by
the j = 1/2 fields. Just as the U(1)R coupling is given by the ratio between Planck
length and AdS radius, so is the U(1)f coupling.
5 N = 4 Theories
In this section we begin with the description of the minimal N = 4 theory [1, 25, 4],
for which we also provide an alternative formulation in the end of Section 5.2. We
then extend to non-minimal N = 4 theories with extra U(1)f or SU(2)f generators.
Their linearized field equations are given by (3.24) and their full field equations are
discussed in Sections 6 and truncations in 7. In all cases the physical field contents of
the master fields are in one-to-one correspondence with the spectra given in Tables
4, 5 and 6, respectively.
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(ℓ, j)\s 0 1
2
1 3
2
2 5
2
3 7
2
4 · · ·
(−1, 1/2) 2+2¯ 2
(−1, 1) 1+1¯ 2 1
(0, 0) 1 2 1
(0, 1/2) 2 4 2
(0, 1) 1 2 1
(1, 0) 1 2 1
...
Table 3: The spectrum of massless physical fields of the non-minimal N = 2 theory
based on hs(2|4; 1) arranged into levels of N = 2 supermultiplets labelled by ℓ and with
smax = 2ℓ+ 2 + j and U(1)f charge 2j(2 − 2j).
5.1 The Minimal N = 4 Theory
The minimal N = 4 theory [1] is based on a higher spin algebra which we shall
denote by6 hs(4|4) whose maximal finite-dimensional subalgebra is given by
OSp(4|4) ⊂ hs(4|4) . (5.1)
The R-symmetry algebra is SO(4)R = SU(2)+ × SU(2)−. The OSp(4|4) singleton
is given by
Ξ = D(1
2
, 0; 2+) +D(1,
1
2
; 2−) . (5.2)
The spectrum of the hs(4|4) theory, which is tabulated in Table 4, is given by the
anti-symmetric product of two OSp(4|4) singletons
Spectrum [hs(4|4)] = (Ξ⊗ Ξ)A . (5.3)
The supergravity multiplet is now contained in the anti-symmetric product, unlike
all other cases discussed in this paper where it arises in the symmetric product.
6In [1] the algebra is denoted by shsE(4, 4|0) ≃ husp(2; 2|4).
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The minimal N = 4 theory is obtained by starting from the bosonic theory described
in Section 2 and adding the real fermionic oscillators ξr (r = 1, . . . , 4) obeying
ξr ⋆ ξs = ξrξs + δrs , (5.4)
where r labels an SO(4)R vector. The master fields are defined as in (3.12), (3.13)
and (3.16) where τ , π and π¯ are defined as in (3.8), (3.9) and (3.10) and
Γ = ξ1ξ2ξ3ξ4 . (5.5)
The master fields can be expanded as
Aµ =
∞∑
ℓ=0
A(ℓ)µ , Φ =
∞∑
ℓ=0
Φ(ℓ) , (5.6)
where A(ℓ)µ and Φ
(ℓ) are given by (ℓ ≥ 0)
A(ℓ)µ =
∑
m+n+p=4ℓ+2
A(ℓ)µ,r1...rp(m,n)ξ
r1 · · · ξrp , (5.7)
Φ(ℓ) = C(ℓ) + π
(
C(ℓ)†
)
⋆ Γ , (5.8)
C(ℓ) =
∑
n−m−p=4ℓ
Φ(ℓ)r1...rp(m,n)ξ
r1 · · · ξrp . (5.9)
The gauge field A(0)µ gauges the OSp(4|4) generators P
αα˙, Mαβ , Qrα = yαξ
r and
T rs± =
1
2
(1± Γ) ⋆ ξrξs . (5.10)
The SU(2)± gauge couplings have equal strength given by the higher spin gauge
coupling. In this sense the minimal N = 4 theory is a higher spin extension of
the SO(4) gauged version [28] of the globally SO(4) invariant N = 4 supergravity.
Although this model allows an extension with independent SU(2)± gauge couplings
[29], it is not clear whether this model can be extended to higher spin gauge the-
ory. There also exist an SU(2) × SU(2) gauged version (with independent gauge
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ℓ\s 0 1
2
1 3
2
2 5
2
3 7
2
4 9
2
5 · · ·
0 1+1¯ 4 6 4 1
1 1 4 6 4 1
...
Table 4: The spectrum of massless physical fields of the minimal N = 4 theory based on
hs(4|4) arranged into levels of N = 4 supermultiplets labelled by ℓ and with smax = 2ℓ+2.
couplings) [30] of the globally SU(4) invariant N = 4 supergravity, which however
does not admit any AdS4 vacuum, and therefore presumably cannot be extended to
a N = 4, D = 4 higher spin gauge theory.
The unitary Fock space realization of hs(4|4) is obtained from (2.12) and the
fermionic creation operators
ψ1 † = ξ1 + iξ2 , ψ2 † = ξ3 + iξ4. (5.11)
The singleton Ξ is isomorphic to the space of states built from an even number of
oscillators. Since hs(4|4) consists of even polynomials in oscillators, it follows that
Ξ and hence (Ξ⊗ Ξ)A are UIRs of hs(4|4).
5.2 Non-minimal N = 4 Theory with SU(2)f Flavor
The minimal N = 4 theory described in Section 5.1 can be embedded as the neutral
sector of a non-minimal N = 4 theory which is based on the higher spin algebra
hs(4|4; 2) with maximal finite-dimensional subalgebra
OSp(4|4)× SU(2)f ⊂ hs(4|4; 2) . (5.12)
The extended spectrum is given by
Spectrum[hs(4|4; 2)] = (Ξ′ ⊗ Ξ′)S , (5.13)
which is listed in Table 5, where the SU(2)f flavored singleton is given by
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Ξ′ = D(1
2
, 0; 2, 1, 2) +D(1, 1
2
; 1, 2, 2) , (5.14)
where the last arguments denote SU(2)f doublets. The oscillator realization of
hs(4|4; 2) is obtained by starting from the oscillator realization of hs(4|4) and adding
four extra real fermionic oscillators ηi obeying (4.5) for r, i = 1, . . . , 4. The hs(4|4; 2)
master fields are defined by (3.12), (3.13) and (3.16) where now
Γ = ξ1ξ2ξ3ξ4 , (5.15)
and by imposing the following projection
Γη ⋆ A = A ⋆ Γη = A , Γη ⋆ Φ = Φ ⋆ Γη = Φ , (5.16)
where Γη = η
1η2η3η4. The resulting expansions of the master fields are given by
Aµ = A
(−1,1)
µ +
∞∑
ℓ=0
(
A(ℓ,0)µ + A
(ℓ,1)
µ
)
, (5.17)
Φ = Φ(−1,1) +
∞∑
ℓ=0
(
Φ(ℓ,0) + Φ(ℓ,1)
)
, (5.18)
where
A(ℓ,0)µ = A
(ℓ)
µ ⋆ (1 + Γη) , Φ
(ℓ,0) = Φ(ℓ) ⋆ (1 + Γη) , (5.19)
where A(ℓ)µ and Φ
(ℓ) are given in (5.7) and (5.8), respectively, and
A(ℓ,1)µ =
∑
m+n+p=4ℓ+4
A
(ℓ,1)
µ r1...rp i1i2(m,n)ξ
r1 · · · ξrpηi1ηi2 ⋆ (1 + Γη) , (5.20)
Φ(ℓ,1) = C(ℓ,1) + π
(
C(ℓ,1)†
)
⋆ Γ , (5.21)
C(ℓ,1) =
∑
n−m−p=4ℓ+2
Φ
(ℓ,1)
r1...rp i1i2(m,n)ξ
r1 · · · ξrpηi1ηi2 ⋆ (1 + Γη) , (5.22)
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where the scalars at level (−1, 1) obey the following reality condition:
(
Φ
(−1,1)
rs,ij (m,m)
)†
= 1
2
(−1)mǫrstuΦ
(−1,1)
tu,ij (m,m) . (5.23)
The SU(2)f Yang-Mills multiplet at level (−1, 1) arises in the expansion of Φ as
C(−1,1) =
(
ξrξsφrs ij + y¯
α˙ξrλα˙ r ij + y¯
α˙y¯β˙Fα˙β˙ ij + · · ·
)
Kij , (5.24)
where the SU(2)f subalgebra generators are given by
Kij = ηiηj ⋆ (1 + Γη) , (5.25)
and the scalars obey the reality condition φrs ij =
1
2
ǫrstu(φtu ij)
† which follows from
(5.23).
The gauge field A(0,0)µ gauges the OSp(4|4) subalgebra and the A
(−1,1)
µ gauges the
SU(2)f subalgebra. The non-minimal hs(4|4; 2) theory can be viewed as a coupling
of the minimal theory to a representation of the minimal algebra carried by the
j = 1 fields. We note that at level (0, 1) there is a set of spin 1 gauge fields which
gauge the generators
Lij = ΓKij , (5.26)
which schematically obey [L, L] = K and [K,L] = L. Since Lij commuted with the
supersymmetry generators yield higher spin generators, the Lij generators do not
belong to the maximal finite-dimensional subalgebra of hs(4|4; 2).
The unitary Fock space realization of hs(4|4; 2) is obtained from (2.12) and the
fermionic creation operators (a = 1, . . . , 4)
ψa † = ξa + iηa . (5.27)
The singleton Ξ′ in (5.14) is the space of states that are created by an even number
of oscillators and that are annihilated by (1− Γη).
Starting from the hs(4|4; 2) theory one can obtain an alternative formulation of the
minimal hs(4|4) theory discussed in the previous section. To do so one imposes
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(ℓ, j)\s 0 1
2
1 3
2
2 5
2
3 7
2
4 9
2
5 · · ·
(−1, 1) 63 43 13
(0, 0) 1+1¯ 4 6 4 1
(0, 1) 13 43 63 43 13
(1, 0) 1 4 6 4 1
(1, 1) 13 43 63 43 13
...
Table 5: The spectrum of massless physical fields of the non-minimal N = 4 theory based
on hs(4|4; 2) arranged into levels of N = 4 supermultiplets labelled by (ℓ, j) and with
smax = 2ℓ+ 2 + j. The superscripts denote SU(2)f triplets.
[Kij, A]⋆ = 0 = [Kij,Φ]⋆ . (5.28)
The minimal singleton Ξ given in (5.2) and the minimal spectrum (5.3) are embedded
into Ξ′ given in (5.14) and the non-minimal spectrum (5.13), respectively, as SU(2)f
invariant subspaces:
Ξ = Ξ′/Kij , (5.29)
Spectrum [hs(4, 4)] = (Ξ′ ⊗ Ξ′)S/Kij ≃ (Ξ⊗ Ξ)A . (5.30)
5.3 Non-minimal N = 4 Theory with U(1)f Extension
Starting from the hs(4|4; 2) theory described above and imposing invariance under
the U(1)f generator K12 defined in (5.25) as
[K12, A]⋆ = 0 = [K12,Φ]⋆ , (5.31)
we obtain a non-minimal N = 4 theory based on a higher spin algebra hs0(4|4; 1)
with maximal finite-dimensional subalgebra
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(ℓ, j)\s 0 1
2
1 3
2
2 5
2
3 7
2
4 9
2
5 · · ·
(−1, 1) 6 4 1
(0, 0) 1+1¯ 4 6 4 1
(0, 1) 1 4 6 4 1
(1, 0) 1 4 6 4 1
(1, 1) 1 4 6 4 1
...
Table 6: The spectrum of massless physical fields of the non-minimal N = 4 theory based
on hs0(4|4; 1) arranged into levels of N = 4 supermultiplets labelled by (ℓ, j) and with
smax = 2ℓ+ 2 + j.
OSp(4|4)× U(1)f ⊂ hs0(4|4; 1) . (5.32)
The resulting spectrum is given by
Spectrum [hs0(4|4; 1)] = (Ξ
′ ⊗ Ξ′)S/K12 ≃ Ξ⊗ Ξ , (5.33)
where the singletons Ξ′ and Ξ are given by (5.14) and (5.2), respectively. The
spectrum, which is given in Table 6, decomposes into the hs(4|4) spectrum (Ξ ⊗
Ξ)A given in Table 4, and (Ξ ⊗ Ξ)S which yields the j = 1 multiplets of Table 6.
In particular, the lowest j = 1 multiplet is an N = 4 vector multiplet which is
embedded into the Φ field as in (5.24) with ij → 12.
6 The Full Field Equations
The general method for formulating full higher spin field equations inD = 4 has been
developed by Vasiliev [2, 3]. In particular, this formalism yields the field equations
for the minimal N = 0 mod 4 theories based on the minimal N = 0, 4, 8 algebras
[13, 1] which we have reviewed here; see Table 7. Utilizing the basic structure of
the N = 0 mod 4 theories, which has been studied in detail for N = 8 in [10, 11]
and for N = 0 in [12], we here express the full field equations for all the specific
models considered in this paper in a universal form. This is possible due to the
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universal form of the ‘twisted’ reality condition (2.8) on the scalar master field Φ.
It is worth pointing out that this universal form does not require Kleinian operators
[14, 13, 1, 15, 4, 16]. Hence the extra auxiliary fields that arise for certain N
upon introducing Kleinian operators, along the lines explained in [14, 16, 4], do not
arise in the formulation presented here. In particular, this yields minimal N = 1, 2
theories based on hs(1|4) and hs0(2|4; 1), which to our best knowledge have not been
given previously. It remains an open problem, however, to determine whether these
N = 1, 2 theories can be obtained from the ‘Kleinian’ N = 1, 2 theories (with extra
auxiliary fields) by means of consistent truncations. This point will be discussed
further in the conclusion of this section.
Thus, following [3] we extend the ordinary spacetime by non-commutative internal
coordinates zα and z¯α˙ = (zα)†. We then consider Grassmann even master fields
Â = dxµÂµ + dz
αÂα + dz¯
α˙Âα˙ and Φ̂ obeying
τ(Â) = −Â , Â† = − Â , (6.1)
τ(Φ̂) = π¯(Φ̂) , Φ̂† = π(Φ̂) ⋆ Γ , (6.2)
where τ , π and π¯ are defined by
τ(f(y, y¯, ξ, η, z, z¯)) = f(iy, iy¯, iξ,−iη,−iz,−iz¯) , (6.3)
π(f(y, y¯, ξ, η, z, z¯)) = f(−y, y¯, ξ, η,−z, z¯) , (6.4)
π¯(f(y, y¯, ξ, η, z, z¯)) = f(y,−y¯, ξ, η, z,−z¯) , (6.5)
and that their action commutes with the exterior derivative d on the (x, z, z¯) space.
In (6.1) and (6.2) the appropriate ξ and η oscillators and Γ operators have been
defined in the previous sections (Γ = 1 in the minimal bosonic theory). The master
fields also obey the various model dependent algebraic reduction conditions on the
η dependence which have been discussed case by case in the previous sections, and
which can be summarized as follows:
hs0(2|4; 1) : [Γη, Â]⋆ = 0 , [Γη, Φ̂]⋆ = 0 ,
hs0(4|4; 1) : Γη ⋆ Â = Â ⋆ Γη = Â , Γη ⋆ Φ̂ = Φ̂ ⋆ Γη = Φ̂ ,
[K12, Â]⋆ = 0 , [K12, Φ̂]⋆ = 0 ,
hs(4|4; 2) : Γη ⋆ Â = Â ⋆ Γη = Â , Γη ⋆ Φ̂ = Φ̂ ⋆ Γη = Φ̂ .
(6.6)
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The conditions (6.1) and (6.2) and the conditions (3.15) on the Γ-operator are the
same as those defining the minimal N = 8 model [3, 1]. Hence the structure of the
full N = 8 field equations, which were studied in detail in [11], carry over to all the
specific models considered in this paper. Moreover, we observe that the reduction
conditions (6.6), which do not arise in the N = 8 theory, are naturally consistent
with the full field equations.
Thus, the full field equations for the models considered in this paper follow from the
constraints
F̂ = i
4
dzα ∧ dzαV(Φ̂ ⋆ κΓ) +
i
4
dz¯α˙ ∧ dz¯α˙V(Φ̂ ⋆ κ
†) , (6.7)
D̂Φ̂ = 0 , (6.8)
subject to the initial conditions
Âµ
∣∣∣
Z=0
= Aµ , Âα
∣∣∣
Z=0
= 0 , Φ̂
∣∣∣
Z=0
= Φ , (6.9)
where
F̂ = dÂ+ Â ∧ ⋆Â , (6.10)
D̂Φ̂ = dΦ̂ + Â ⋆ Φ̂− Φ̂ ⋆ π¯(Â) , (6.11)
κ = exp izαy
α . (6.12)
The quantity V(X) in (6.7) is an odd ⋆-function
V(−X) = −V(X) , (6.13)
where V(X) = b1X + b3X ⋆ X ⋆ X + · · · for some complex constants bn, and
(V(X))† = V(X†) . (6.14)
As was first shown by Vasiliev [4], local Lorentz invariance severely constrains the
form of the spinorial components of F̂ . Local Lorentz invariance combined with
(6.1) and (6.2) implies F̂αα˙ = 0 [4] and V(X) = −V(−X) [12].
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The equations in (6.7) and (6.8) are integrable and invariant under
δÂ = dǫ̂+ Â ⋆ ǫ̂− ǫ̂ ⋆ Â , (6.15)
δΦ̂ = Φ̂ ⋆ π¯(ǫ̂)− ǫ̂ ⋆ Φ̂ , (6.16)
where ǫ̂ obeys (6.1). As shown in [3], one can use the Z-components of (6.7) and
(6.8) to solve for the Z dependence by expanding in powers of Φ, and obtain the
higher spin field equations upon restricting the remaining spacetime components of
(6.7) and (6.8) to Zα = 0. In particular, this analysis yields the linearized field
equations (3.24). We also note that the detailed analysis of the Φ-expansion given
in [12] carry over straightforwardly to the cases of N = 1, 2, 4.
The presence of the function V(X) means that the gauge invariant higher spin
interactions are not unique. This ambiguity underlines the fact that the massless
higher spin gauge theory should be thought of as (a consistent truncation of) some
effective description of some underlying fundamental theory, perhaps along the lines
discussed in [9], which of course requires a particular form of V(X) that should be
predicted by the underlying theory.
Importantly, the general form of the interaction ambiguity is more constrained in the
present formulation than in the formulation involving non-trivial Kleinian operators
and extra auxiliary fields. In the latter case the interaction ambiguity is described
by an arbitrary function [3, 4, 16], with both even and odd powers of the scalar
master field. As indicated in [4], it is possible, however, to consistently truncate the
auxiliary fields in a certain class of models, provided that the interaction ambiguity
is described by an odd function. Whether this leads to the universal formulation
considered here remains an open problem.
7 Consistent Truncations
Starting from the minimal N = 8 model based on the higher spin algebra hs(8|4), it
is possible to obtain the models described in this paper by means of the consistent
truncations summarized in Figure 1. Throughout this section all master fields are
understood to be hatted, and we have dropped the hats for simplicity.
• hs(8|4)→ hs(4|4; 2):
The consistent truncation hs(8|4)→ hs(4|4; 2) is obtained by setting equal to zero
all components of the hs(8|4) master fields A and Φ with an odd number of ξ5,6,7,8
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N = 8:
N = 4:
N = 2:
N = 1:
N = 0:
❄
❄ ❄
❄ ❄
✲ ✲
✲
✲
❍
❍
❍
❍
❍
❍❥
hs(8|4)
hs(4|4; 2) hs0(4|4; 1) hs(4|4)
hs(2|4; 1) hs0(2|4; 1)
hs(1|4)
hs0(4; 1) hs(4)
Figure 1: The arrows denote consistent truncations of higher spin gauge theories described
in detail in Section 7.
oscillators followed by a multiplication with the projector 1
2
(1 + ξ5ξ6ξ7ξ8). Fur-
thermore, identifying ξ5,6,7,8 with the η1,2,3,4 oscillators in the hs(4|4; 2) model, the
reduced hs(8|4) master fields become hs(4|4; 2) master fields. Inserting the reduced
hs(8|4) master fields into the full hs(8|4) constraints (6.7) and (6.8) and noting that
(1 + ξ5ξ6ξ7ξ8)Γ|hs(8|4) → (1 + Γη)Γ|hs(4|4;2) , (7.1)
we obtain consistently full hs(4|4; 2) master constraints (6.7) and (6.8) with the
same V.
• hs(4|4; 2)→ hs0(4|4; 1)→ hs(4|4):
The truncation hs(4|4; 2)→ hs0(4|4; 1) amounts to imposing neutrality under U(1)f ⊂
SU(2)f , as described in Section 5.3 . As a result, the SU(2)f triplets residing at
levels (ℓ, 1) in Table 5 are replaced by U(1)f singlets as shown in Table 6. The
truncation hs0(4|4; 1)→ hs(4|4) is achieved by dropping the terms in the hs0(4|4; 1)
master fields which contain the U(1)f generator, i.e. the j = 1 multiplets of Table
6. Both of these truncations are consistent with the master equations (6.7) and (6.8).
• hs(4|4)→ hs0(2|4; 1):
To describe the consistent truncation hs(4|4)→ hs0(2|4; 1), we begin by writing the
hs(4|4) master fields as
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A = A(0) + ξrΨ(0)r + ξ
rξsA(0)rs + ξ
r ⋆ ΓξΨ
(1)
r + ΓξA
(1) , (7.2)
Φ = Φ(0) + ξrχ(0)r + ξ
rξsΦ(0)rs + ξ
r ⋆ Γξχ
(1)
r + ΓξΦ
(1) . (7.3)
We then set
Ψ(0)r = Ψ
(0)
r = 0 for r = 3, 4 (7.4)
χ(0)r = χ
(0)
r = 0 for r = 3, 4 (7.5)
A
(0)
12 ≡ B
(0) , A
(0)
34 ≡ B
(1) , (7.6)
Φ
(0)
12 ≡ ϕ
(0) , A
(0)
34 ≡ ϕ
(1) , (7.7)
A(0)rs = 0 , Φ
(0)
rs = 0 for rs 6= 12 or 34 . (7.8)
Upon identifying the ξ3,4 oscillators in the hs(4|4) model with the η1,2 oscillators
in the hs0(2|4; 1) model, the reduced hs(4|4) master fields become the hs0(2|4; 1)
master fields:
Ared = A
(0) + ξrΨ(0)r + ΓξB
(0) + ΓηB
(1) + ξrΓηΨ
(1)
r + ΓA
(1) , (7.9)
Φred = Φ
(0) + ξrχ(0)r + Γξϕ
(0) + Γηϕ
(1) + ξrΓηχ
(1)
r + ΓΦ
(1) , (7.10)
where now r = 1, 2, Γξ = iξ
1ξ2, Γη = iη
1η2, Γ = ΓξΓη and we have absorbed ǫrs into
redefinitions of Ψ(1)r and χ
(1)
r . Inserting the reduced hs(4|4) master fields into the
full hs(4|4) constraints (6.7) and (6.8) and noting that
Γ|hs(4|4) ≡ Γξ → ΓξΓη ≡ Γ|hs0(2|4;1) , (7.11)
we obtain consistently the full hs0(2|4; 1) constraints.
• hs0(4|4; 1)→ hs(2|4; 1):
To achieve the consistent truncation hs0(4|4; 1)→ hs(2|4; 1) we begin by writing we
the hs0(4|4; 1) master fields as
A = A(0) + ξrΨ(0)r + ξ
rξsA(0)rs + ξ
r ⋆ ΓξΨ
(1)
r + ΓξA
(1)
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+η1η2
(
A(2) + ξrΨ(2)r + ξ
rξsA(2)rs + ξ
r ⋆ ΓξΨ
(3)
r + ΓξA
(3)
)
, (7.12)
Φ = Φ(0) + ξrχ(0)r + ξ
rξsΦ(0)rs + ξ
r ⋆ Γξχ
(1)
r + ΓξΦ
(1)
+η1η2
(
Φ(2) + ξrχ(2)r + ξ
rξsΦ(2)rs + ξ
r ⋆ Γξχ
(3)
r + ΓξΦ
(3)
)
, (7.13)
where we have taken into account the Γη projection in (5.16). We next impose (7.4),
(7.6), (7.7), (7.8) and set
Ψ(2)r = Ψ
(3)
r = 0 for r = 3, 4 (7.14)
χ(2)r = χ
(3)
r = 0 for r = 3, 4 , (7.15)
A(2) = A(3) = 0 , (7.16)
A
(2)
12 = A
(2)
34 = 0 , (7.17)
Φ
(2)
12 = Φ
(2)
34 = 0 . (7.18)
Upon identifying η1η2ξ
3,4 in the hs0(4|4; 1) model with η
1,2 in the hs(2|4; 1) model,
the reduced master fields become the hs(2|4; 1) master fields. This leads to a con-
sistent truncation of (6.7) and (6.8).
• hs0(2|4; 1)→ hs(1|4)→ hs(4):
To describe the consistent truncation hs0(2|4; 1) → hs(1|4), we start from the
hs0(2|4; 1) master fields as written in (7.9) and (7.10) and set
Ψ
(0)
1 ≡ Ψ
(0) , Ψ
(1)
2 ≡ Ψ
(1) , χ
(0)
1 ≡ χ
(0) , χ
(1)
2 ≡ χ
(1) , (7.19)
Ψ
(0)
2 = Ψ
(1)
1 = χ
(0)
2 = χ
(1)
1 = 0 . (7.20)
Upon identifying ξ1 and Γηξ
2 in the hs0(2|4; 1) model with the hs(1|4) oscillators ξ
and η, respectively, and noting that
Γ|hs0(2|4;1) ≡ ΓξΓη → iξη ≡ Γ|hs(1|4) , (7.21)
the reduced hs0(2|4; 1) master fields become the hs(1|4) master fields
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Ared = A
(0) + ξΨ(0) + ηΨ(1) + ΓA(1) , (7.22)
Φred = Φ
(0) + ξχ(0) + ηχ(1) + ΓΦ(1) , (7.23)
where Γ = iξη and this results in a consistent truncation of (6.7) and (6.8). The
further consistent truncation hs(1|4) → hs(4) is obtained by starting from (7.22)
and (7.23) and setting the fermions equal to zero and
A(0) = A(1) , Φ(0) = Φ(1) . (7.24)
Inserting this into the hs(1|4) master equation we obtain the hs(4) master equation
multiplied by 1+ iξη that can be trivially dropped since the master fields no longer
depends on ξ and η oscillators.
• hs0(2|4; 1)→ hs0(4; 1)→ hs(4):
The consistent truncation hs0(2|4; 1) → hs0(4; 1) is obtained by starting from the
hs0(2|4; 1) master fields as written in (7.9) and (7.10) and setting the fermions equal
to zero and
A(0) = A(1) , B(0) = B(1) , (7.25)
Φ(0) = Φ(1) , ϕ(0) = ϕ(1) . (7.26)
Dropping the overall 1 + Γ results in the following hs0(4; 1) master fields
A =
[
A(0) + ΓξB
(1)
]
⋆ (1 + Γ) , (7.27)
Φ =
[
Φ(0) + Γξϕ
(1)
]
⋆ (1 + Γ) , (7.28)
obeying
τ(A(0)) = −A(0) , τ(B(1)) = B(1) , (7.29)
τ(Φ(0)) = π¯(Φ(0)) , τ(ϕ(1)) = −π¯(ϕ(1)) , (7.30)
and reality conditions as in (6.1) and (6.2). The fields with even spins are contained
in A(0) and Φ(0) and those with odd spins in B(1) and ϕ(1). Finally, the consistent
truncation hs0(4; 1)→ hs(4) is obtained by setting B
(1) and ϕ(1) equal to zero.
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8 M Theory on AdS4 × N
010 and Matter Coupled
N = 4 Higher Spin Gauge Theory
The consistent truncation schemes described in the previous section implies that the
proposed holography between the hs(8|4) higher spin gauge theory and the SU(N)c-
invariant free OSp(8|4) singleton SCFT in d = 3 is testable using also models with
N < 8. The N < 8 theories based on the higher spin algebras hs(N|4) may also
be relevant as truncations to the massless sector of unbroken phases of M theory on
AdS4 × X7 for suitable internal spaces X7. All smooth X7 with N ≥ 1 that can
arise in this way have been classified [21]. As in the case of the Type IIB theory
on AdS5 × T 11 [17], the geometry of the conifold C8(X7) encodes a great deal of
information on the nature of the holographic SCFT which describes the low energy
dynamics of M2 branes sitting at the apex of C8.
The possible N ≥ 1 for smooth X7 are N = 1, 2, 3, 8. While there exist a number
of N = 1, 2 compactifications, there is only one known case with N = 3, namely
AdS4 × N010. The conic geometries and associated SCFTs have been studied for
N = 2 [18, 19] and N = 3 [20]. Due to its higher degree of symmetry and its
uniqueness, we shall focus our attention on the N = 3 case in the rest of this
section.
The manifold N010 = SU(3)/U(1) has isometry group SU(3)× SU(2)R. The spec-
trum of 11D supergravity on AdS4 × N010 is known [23] and the only 4D massless
fields in the spectrum are the N = 3 supergravity multiplet, a special vector multi-
plet known as the Betti multiplet and an SU(3) Yang-Mills multiplet.
The interacting SCFT has been proposed [20] to be the IR fixed point of a d = 3,
N = 3 gauged sigma model with field content given by a vector multiplet in the
adjoint representation of a (color) gauge group SU(N)1 × SU(N)2 and an SU(3)
triplet of scalar multiplets transforming in the SU(N)1 × SU(N)2 bi-fundamental
representation.
In the UV limit there is an N = 3→ 4 enhancement and the field theory is described
by the following free OSp(4|4) singleton superfields [20]
Y Aa
b , Y Aa′
b′ , UAIa
b′ , (8.1)
where A = 1, 2 is an SU(2)+ doublet index, a, a
′ = 1, . . . , N and I = 1, . . . , 3 labels
an SU(3) triplet. The higher spin symmetries of the free SCFT therefore form an
algebra which is the direct sum of an hs(4|4; 2) algebra made out of bilinears in Y
superfields, and an U(3)-flavored extension of hs0(4|4; 1) [1] made out of bilinears
in the U superfield. Thus the full higher spin algebra is given by
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hs[N010] = hs(4|4; 2)⊕ [hs0(4|4; 1)⊗ U(3)] , (8.2)
where an element f IJ ∈ hs0(4|4; 1)⊗ U(3) is defined by the following conditions:
τ(f IJ) = −f
I
J , (f
I
J)
† = −fJ I . (8.3)
The U(3)-flavored higher spin algebra is irreducible, since the commutator of two
SU(3)-flavored generators contains U(1) ⊂ U(3) flavored generators. It is consistent,
however, to set the fields in the SU(3)-flavored sector equal to zero.
Prior to breaking the higher spin symmetries down to those of the supergravity
theory on AdS4 × N
010, the spectrum consists of the hs(4|4; 2) spectrum given in
Table 5 and a U(3)-valued version of the hs0(4|4; 1)⊗U(3) spectrum given in Table
6. Thus the resulting smax = 1, 2 multiplets in the full spectrum are:
smax = 1 : (6 4 1 ) from hs0(4|4; 1)⊗ U(3) , (8.4)
(6 4 1 )⊗ 8 from hs0(4|4; 1)⊗ U(3) , (8.5)
(63 43 13 ) from hs(4|4; 2) , (8.6)
smax = 2 : (1 + 1¯ 4 6 4 1) from hs0(4|4; 1)⊗ U(3) , (8.7)
(1 + 1¯ 4 6 4 1)⊗ 8 from hs0(4|4; 1)⊗ U(3) , (8.8)
(1 + 1¯ 4 6 4 1) from hs(4|4; 2) . (8.9)
Switching on interactions in the boundary field theory breaks N = 4→ 3 and leads
to anomalies in the conservation laws for the higher spin currents as well as some
currents in the smax ≤ 2 sector. The anomaly multiplets couple to Higgs fields in the
bulk which are eaten by the gauge fields to form massive multiplets [8, 9]. Thus the
N = 4 higher spin symmetries break down to those of the matter coupled N = 3
supergravity.
We note that the 11D supergravity KK spectrum in the broken phase does not
have any massive smax = 2 multiplet which is SU(2)R singlet. Hence we expect
that the 8-plet of smax = 2 multiplets in (8.8), and a linear combination of the
smax = 2 multiplets in (8.7) and (8.9) will be eaten up by suitable higher spin
multiplets. We also expect that the other combination undergoes a super-Higgs
effect in which it eats a triplet of vector multiplets to give the N = 3 supergravity
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multiplet and a massive spin smax = 3/2 multiplet, known as the shadow of the
supergravity multiplet [22]. It is tempting to identify the required Higgs vector
multiplets with the SU(2)f triplet of vector multiplets given in (8.6). The fate
of the latter multiplets and whether they can indeed be identified with the Higgs
vector multiplets requires further analysis of the anomalies associated with symmetry
breaking due to interactions in the boundary gauged sigma model.
Finally, the vector multiplets in (8.4) and (8.5) are the natural candidates for the
Betti multiplet and the SU(3) Yang-Mills multiplets which arise in the massless
sector of the 11D supergravity KK spectrum.
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Higher spin Maximal finite-dim. Fermionic Projection Spectrum Singleton
algebra subalgebra oscillators operator
hs(4) Sp(4) – – (D(1
2
, 0)⊗D(1
2
, 0)S D(
1
2
, 0)
hs0(4; 1) Sp(4)× U(1)f – – D(
1
2
, 0)⊗D(1
2
, 0) D(1
2
, 0)
hs(1|4) OSp(1|4) ψ = ξ + iη – (Ξ⊗ Ξ)S Eq. (3.2)
hs0(2|4; 1) OSp(2|4)× U(1)f ψa = ξa + iηa K = Γη (Ξ⊗ Ξ)S/K Eq. (4.2)
(a = 1, 2) ≃ (Ξ1 ⊗ Ξ−1)S
hs(2|4; 1) OSp(2|4)× U(1)f ψa = ξa + iηa – (Ξ⊗ Ξ)S Eq. (4.2)
(a = 1, 2)
hs(4|4) OSp(4|4) ψa = ξa + iξa+2 – (Ξ⊗ Ξ)A Eq. (5.2)
(a = 1, 2)
hs(4|4; 2) OSp(4|4)× SU(2)f ψa = ξa + iηa – (Ξ′ ⊗ Ξ′)S Eq. (5.14)
(a = 1, . . . , 4)
hs0(4|4; 1) OSp(4|4)× U(1)f ψa = ξa + iηa K12 = η1η2 (Ξ′ ⊗ Ξ′)S/K12 Eq. (5.14)
(a = 1, . . . , 4) ≃ Ξ⊗ Ξ Eq. (5.2)
hs(4|4) OSp(4|4) ψa = ξa + iηa Krs = ηrηs (Ξ′ ⊗ Ξ′)S/Krs Eq. (5.14)
(a = 1, . . . , 4) ≃ (Ξ⊗ Ξ)A Eq. (5.2)
hs(8|4) OSp(8|4) ψa = ξa + iξa+4 – (Ξ⊗ Ξ)S See
(a = 1, . . . , 4) Caption
Table 7: Summary of N = 0, 1, 2, 4, 8 higher spin algebras. hs(4) and hs0(4; 1) are bosonic.
For the rest, the first two arguments refer to OSp(N|4) and the last argument separated by
a semicolon refers to additional flavor groups in the maximal finite-dimensional subalgebra and
the zero subscripts mean that the spectrum is U(1)f neutral. The third column contains the
fermionic oscillators used in the master field expansions and the unitary oscillator realizations.
The fifth column contains the singleton product annihilated by the operators listed in the fourth
column. The corresponding conditions on the master fields are summarized in (6.6). The OSp(8|4)
singleton is given by Ξ = D(1
2
, 0; 8s)+D(1,
1
2
; 8c). The minimal N = 0, 1, 2, 4, 8 algebras have been
given previously in the literature [13, 1], using a different notation as follows: hs(4) ≃ hs2(1),
hs(1|4) ≃ shsf(1|0), hs0(2|4; 1) ≃ shsE(2, 4) ≃ hu(1; 1|4), hs(4|4) ≃ shsE(4, 4|0) ≃ husp(2; 2|4)
and hs(8|4) ≃ shsE(8, 4|0) ≃ ho(8; 8|4). 36
